Partial Solution Set, Leon §6.4
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6.4.1a For z = l 42‘;22- 1 and w = [ 2__32. 1, compute ||z||, [|[w]|], (z, W), and (w,z).
Solution: ||z = Vzfz = V36 = 6, |[w| = VwHw = 9 =3, (z,w) = wlz = —4 + 4i,
and (w,z) = zf'w = —4 — 4i.
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6.4.2b Let z; = 1 %2 , and zy = \_/? . Write the vector z = [ 2;;;” ] as a linear
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combination of z; and zs.

Solution: From part (a) of this exercise, we know that {z;,z,} is an orthonormal set, so
we don’t have to work very hard to come up with coefficients ¢y, ¢5 such that z = ¢yz; +
¢2Zo. By Theorem 5.5.2 and the definition of the complex inner product, ¢; = (z,z;) = 4,

and ¢, = (z,25) = 2v/2.
6.4.3 Let {u;,us} be an orthonormal basis for C?, and let z = (4 + 2i)u; + (6 — 5i)u,.

(a) What are the values of ul’z, zu;, ul’z, and zu,?
Solution:

ul’z = ul ((4 4 2i)u; + (6 — 5i)uy)
= (4+2)ufu; + (6 — 5i)ulu,
= 4+ 2.

Similarly zu; = uffz = 4 — 2i, ullz = 6 — 5i, and zuy, = uflz = 6 + 5i.
(b) What is the value of ||z|?

Solution: |z||* = zz = (44 2i)(4 — 2i) + (6 — 5i)(6 + 5i) = 16 +4 + 36 + 25 = 81,
so ||z|| = 9.

6.4.5 Find an orthogonal or unitary diagonalizing matrix for each of the following matrices.

(@A:H ﬂ

Solution: A is real and symmetric, so we know that if A has distinct eigenvalues
then the corresponding eigenvectors are orthogonal. The eigenvalues turn out to
be A\ = 1 and Ay = 3. The corresponding eigenvectors may be taken to be u; =

and u, = , and a diagonalizing matrix for A is U = { u; up }
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2 10
-1 2 0
00 2
corresponding unit eigenvectors may be taken to be

0
,up= | 0 |, and ug =

1

(c) A = . The eigenvalues of A are A\; = 1, A\ = 2, and \; = 3. The
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and the diagonalizing matrix is U = [ u; uy ug } It’s a good idea to check:

1 1 —1 1
a2 urr2io0lw’ A 100
001{220]101{020].
-t 1 00 2 V2 V2 00 3
V2 V2 0 1 0
4 00
6.4.10 Given | 0 1 ¢ |, find a matrix B such that BB = A.
0 —i 1

Solution: Since A is Hermitian, it follows that A is diagonalizable by a unitary matrix
U,ie., A=UDU". Letting B = D'2U" we have

BEB =UD2DYV2UH — UDUH = A.

1 0 0 4 0 0
In this particular case, we may take U = | 0 Z/\/§ Z/\/Q] and D=0 2 0],
0 1/vV2 1/V2 000
2 00
from which we obtain B= | 0 —i 1
0O 00

6.4.11 Let U be a unitary matrix. Prove:

(a) U is normal.

(b) ||Ux| = ||x]|| for all x € C™.
(c) If A is an eigenvalue of U, then |A\| = 1.

Solution:

(a) Since U™' = U# | then UFU = UU¥, and so U is normal.
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(b) Tt suffices to show that ||[Ux||* = ||x||? for all x € C". So let x € C". Then
1Ux||? = (Ux)" (Ux) = x"U"Ux = xx = ||x]|?

(c¢) Let x be an eigenvector for U, with associated eigenvalue A. Then Ux = Ax, so
|Ux|| = ||x|| = |Al]|x]|, and it follows that |A| = 1.
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